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Interpretation of concentration-dependence in aggregation kinetics
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Abstract

Aggregation processes are analyzed by two kinetic models, the random polymerization model and the nucleation-
dependent polymerization model. A kinetic equation for the random polymerization model can be derived analytically,
revealing the relation between the initial monomer concentration(wMx ), the rate constant(k ), time (t), the yield of0 a

detectable aggregate(wFx), and the critical aggregation number(m). However, time-course curves for the nucleation-
dependent polymerization model can be obtained by numerical calculation. It is found that lag time(t ) and half-d

time (t ) are proportional towMx in the random polymerization model, whilet and t are proportional toy1
1y2 d 1y2

wM x (1-s-n; n is nucleus size) at the lower concentration and are less dependent onwM x at the higherys
1 1

concentration in the nucleation-dependent polymerization model.
� 2003 Elsevier B.V. All rights reserved.
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1. Introduction

Aggregation processes are commonly observed
in various fields. For instance, aggregation is
indispensable in some proteins to exhibit specific
functions. There are three forms of aggregation
states in proteins; viz., amorphous states, crystals,
and amyloid fibrils. Amyloid fibrils composed of
b-sheet structures have been noted, since they are
closely related to occurrence of conformational
diseases. A typical example is amyloid-b-protein
(Ab), a causative compound of Alzheimer’s dis-
ease(AD) with 39–42 amino acids, whose toxicity
is well correlated with the formation of amyloid
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w1,2x. In the present study, two typical kinetic
models are presented to describe aggregation pro-
cesses. One is a model that all the species(mon-
omers, oligomers, polymers) associate linearly and
randomly to form detectable aggregate(fibrils),
which is called here ‘a random polymerization
model’. The other is ‘the nucleation-dependent
polymerization model’ in which individual mono-
mers associate successively to form nuclei and
then form fibrils w3,4x. Aggregation of Ab is
ordinarily analyzed on the basis of the nucleation-
dependent polymerization model. In the previous
study, detailed numerical calculation was carried
out for the nucleation-dependent polymerization
model and it was revealed that there are optimum
values of the rate constants to give prominent
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Scheme 1. Random polymerization model.

sigmoid curvesw5x. Another important factor in
the protein aggregation is the concentration-
dependence of aggregation ratew6x, that is, the
relation between lag time(t ) and concentration.d

Hofrichter et al. presented the empirical relation
that t is proportional toc (c : total initial proteinyz

d t t

concentration,z: number of molecules in nucleus)
w4,7x. In the present study, the concentration-
dependence of aggregation kinetics is examined
by using the two models, viz., the random polym-
erization model and the nucleation-dependent
polymerization model.

2. Calculation method

It is assumed that one monomer has two binding
sites and, therefore aggregation proceeds linearly.
There are two main ways in which monomers
associate to form detectable aggregates(fibrils); a
random aggregation and a nucleation-dependent
aggregation. As shown below, the random polym-
erization model can be treated analytically, while
the nucleation-dependent polymerization model
can be solved by a numerical calculation.

2.1. Random polymerization model

First, the random polymerization model as
shown in Scheme 1 is considered. In the case that
the initial concentration of monomer iswMx and0

fraction r of the total binding sites is already
engaged in bonding, the total concentration(wMx)

of all the species(monomer, oligomer, polymer)
is given by Eq.(1).

w x w xM s M (1yr) (1)0

Since the parameterr also means the probability
that one binding site is already engaged in bonding,
the probability(P ) that i-mer aggregate is formedi

is shown by Eq.(2),

iy1Psr (1yr) (2)i

wherer means the probability thatiy1 bondsiy1

are formed and 1yr means the probability that
the ith bond is not formed. Eqs.(1) and (2) give
the concentration ofi-mer aggregates as

iy1 2w x w xM Ps M r (1yr) (3)i 0

Here the concentration of monomers incorporat-
ed into i-mer aggregate is represented byiwMxP .i
If the aggregates larger thanwmy1x-mer are exper-
imentally detectable such as fibrils, the concentra-
tion of monomer(wFx) included in the detectable
aggregates is given by Eq.(4) in view of Eq.(3).

` `
2iy1w x w x w xF s i M Ps M ir 1yrŽ .i8 80

ism ism

my1w x µ ∂s M r myr my1 (4) (cf. Appendix A)Ž .0

In the present study, the parameterm is termed
as the critical aggregation number, which means
the minimum size of detectable aggregates.
Assuming that k is the rate constant of thea

bimolecular association, we obtain Eq.(5).

2w x w xd M ydtsyk M (5)a

Solving Eq. (5) under the initial condition of
wMxswMx (ts0) results in Eq.(6).0

w x w x w xM s M y( M k tq1) (6)0 0 a

Eqs.(1) and(6) lead to Eq.(7).

w xrs1y1y( M k tq1) (7)0 a
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Scheme 2. Nucleation–dependent polymerization model.

Combination of Eqs.(4) and(7) gives Eq.(8).

my1w x w x { w x } {F y M s 1y1y( M k tq1) 10 0 a

w x }q(my1)y( M k tq1) (8)0 a

Eq. (8) is a general form representing the
correlation amongwFx, wMx , k , t andm.0 a

2.2. Nucleation-dependent polymerization model

The second case is shown in Scheme 2, where
a nucleus is formed before fibril formation. This
is generally named as the nucleation-dependent
polymerization modelw3,4x. In this case, Eqs.(9)–
(13) hold.

ny1B E
w x w x w x w xd M ydtsyk M 2 M q MC F1 1 1 1 j8

D Gjs2

nB E
w x w xqk 2 M q MC F2 2 j8

D Gjs3

w x w x w xyk M M q N (9)p 1 nŽ .
w x w x w x w xd M ydtsk M ( M y M )j 1 1 jy1 j

w x w x { }yk ( M y M ) js2y(ny1)
(10)

2 j jq1

w x w xw x w xd M ydtsk M M yk Mn 1 1 ny1 2 n

w xw xyk M M (11)p 1 n

w x w xw xd N ydtsk M M (12)p 1 n

w x w x{ w x w x}d F ydtsk M N q(nq1) M (13)p 1 n

The aggregates larger thann-mer is regarded as

fibril, and wNx andwFx denote the number of fibrils
and the total number of the monomer included in
fibrils, respectively. Eqs.(9)–(13) are numerically
solved under the initial conditions ofwM x ( js1yj

n), wNx and wFx by assuming appropriate values
for rate constants,k , k andk .1 2 p

3. Results and discussion

Eq. (8) is the final analytical equation express-
ing the time course of the random polymerization
model. SincewFxywMx is the function ofm and0

wMx k t, it is instructive to investigate the correla-0 a

tion among these quantities. Fig. 1 shows the
typical relation between logt and wFxywMx for0

various wMx values underms10 andk s1. As0 a

predicted from Eq.(8), the individual curves are
exactly superimposed by moving along the logt
axis. Namely, whenwMx becomes 10 times larger,p

0

the curve moves toward the negative side byp.
Similar results are obtained forms5 and 30
(figures not shown). Lag time (t ) is generallyd

noted, since it is a quantity characterizing sigmoi-
dal aggregation curvesw3,4x. Eq. (8) shows thatt
should be proportional towMx when wFxywMx ,y1

0 0

k , and m are constant. Actually, linear relationa

with the slopey1 is obtained between logwMx0

and logt as shown in Fig. 2. Eq.(8) also predictsd

that similar linearity with the slopey1 holds for
the half-time (t ) corresponding towFxywMx s1y2 0

0.5 (figure not shown).
The nucleation-dependent polymerization model

(Scheme 2) provides sigmoidal time-course
curves. Fig. 3 exhibits the typical relation between
log t andwFxywM x for variouswM x values under1 0 1 0

nucleus sizesns10, k s1, k s100 and k s1 2 p

10 000 (arbitrary unit), in which the curves are
shifted to negative side aswM x becomes larger.1 0

Similar results are obtained forns5 and 30
(figures not shown), wherek is 500 forns5 and2

5 for ns30. Fig. 4 shows the relation between
logwM x and logt in which t is available from1 0 d, d

Fig. 3. The noteworthy feature in Fig. 4 is that
there is linear relation at the lower concentration
for all the three nucleus sizes. The slope of the
linear part become steeper as the nucleus size is
increased from 5 to 30. Actually, the slope values
are y2.4, y4.6 andy7.0 for ns5, 10 and 30,
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Fig. 1. Typical relationship between logt andwFxywMx in the random polymerization model:ms10, k s1: concentrations and rate0 a

constants are represented by arbitrary units.

Fig. 2. Relationship between logwMx and logt in the random polymerization model:k s1: concentrations and rate constants are0 d a

represented by arbitrary units.
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Fig. 3. Typical relationship between logt andwFxywM x in the nucleation-dependent polymerization model: nucleus sizens10,k s1 0 1

1, k s100, k s10 000: concentrations and rate constants are represented by arbitrary units.2 p

Fig. 4. Relationship between logwM x and logt in the nucleation-dependent polymerization model:k s1, k s10 000,k s5001 0 d 1 p 2

(ns5), 100 (ns10), 5 (ns30): concentrations and rate constants are represented by arbitrary units.
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Fig. 5. Relationship between logwM x and logt in the nucleation-dependent polymerization model:k s1, k s10 000,k s5001 0 1y2 1 p 2

(ns5), 100 (ns10), 5 (ns30): concentrations and rate constants are represented by arbitrary units.

respectively. A similar result is obtained fort1y2

(Fig. 5), in which the slopes arey2.5, y4.5 and
y6.8 for ns5, 10 and 30. It is concluded, there-
fore, that t and t are proportional towM xys

d 1y2 1 0

(s)1) at the lower protein concentration in the
nucleation-dependent polymerization model, which
is in contrast to the random polymerization model
that always givesss1 as mentioned above. Fig. 6
illustrates the relation betweenn ands and clearly
indicates the relation 1-s-n, which is different
from the idea of Hofrichter et al. that the parameter
s represents nucleus size(n) w4x. This discrepancy
is probably ascribed to the steady-state approxi-
mation in Hofrichter’s treatment, while in the
present study the exact calculation was carried out
without such an approximation.

The present findings might serve to discriminate
whether an aggregation mechanism is random or
nucleation-dependent. It is instructive to compare
the present calculated results and experimental
findings. The linear relationship between the lag

time (log t or log t ) and the protein concentra-d 1y2

tion (logwM x ) as indicated in the lower concen-1 0

tration region of Fig. 4 or Fig. 5 is experimentally
observedw4,7–11x. Notably, thes value is larger
than unity in the lower concentration region but
becomes smaller in the higher concentration region
w10,11x, which is well compatible with Figs. 4 and
5. From this comparison, some proteins are con-
sidered to aggregate in the nucleation-dependent
polymerization manner rather than in the random
polymerization mechanism. For instance, cold
shock protein givesss2.1 w8x, deoxyhemoglobin
S givesss;30 w4,7x, and microtubules givesss
2.9 w9x. The decrease in thes value at the higher
concentration predicted by Figs. 4 and 5 is exper-
imentally observed by using deoxyhemoglobinS
w10,11x, though the tenth time(t ) is used1y10

instead of t or t . Contrary to these proteins,d 1y2

there is a protein whoses value is very close to
unity w12x. According to the present criteria, this
small s value is attributable to either the random
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Fig. 6. Relation betweenn and s.

polymerization mechanism or the higher protein
concentration in the nucleation-dependent polym-
erization model.

The present modeling study has revealed that
the empirical equation proposed by Hofrichter et
al w4x describes the behavior at lower protein
concentration and that Fig. 4 affords the more
general form.

Appendix A:

Eq. (4) can be derived as follows. The total
concentration of monomers included in detectable
aggregate is given by Eq.(A).

`

w x w xF s i M P (A)i8
ism

Substituting Eq.(3) into Eq. (A) yields Eq.
(B),

`
2 iy1w x w xF s M 1yr irŽ . 80
ism

` my1B E
2 iy1 iy1w xs M 1yr ir y irC FŽ . 8 80
D Gis1 is1

2w xs M 1yr S yS (B)Ž . Ž .` my10

where
n

iy1S s ir .n 8
is1

S term can be obtained in the following way.n

Eqs.(C) and(D) are easily obtained.

2 ny1S s1q2rq3r qØØØqnr (C)n

2 3 ny1 nrS srq2r q3r qØØØq(ny1)r qnr (D)n

From Eqs.(C) and(D),

2 3 ny1 n(1yr)S s1qrqr qr qØØØqr ynrn

n ns(1yr )y(1yr)ynr (E)
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Thus,

n 2 nS s(1yr )y(1yr) ynr y(1yr) (F)n

Since±r± is less than unity(±r±-1),

2S s1y 1yr andŽ .`

my1 2S s(1yr )y(1yr)my1

my1y(my1)r y(1yr) (G)

Finally, combination of Eqs.(B) and (G) leads
to Eq. (4).
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